Abstract-By taking into account the facts that thick dielectrics are required for low frequency absorbers, that thick dielectrics are not always flexible, and that targets are not always planar, an efficient tool for the systematic design of flexible broadband radar absorbers using the least-square method is presented in this paper. Two approaches for designing the physical model of the absorber are presented. The first one consists of resistive square loops deposited on top of a dielectric, and the second one consists of metallic square loops associated with lumped resistors. More than 90% of absorption rate is obtained in the required bandwidth for both transverse electric and transverse magnetic polarizations with the two approaches and achieving a performance of operational bandwidth to thickness ratio of 7.69. Finally, the required dimensions of flexible absorbers in some low frequency bands are given in order to show the versatility of the approach.
INTRODUCTION
One of the most common ways of reducing radar cross section for stealth technology is to use radar absorbers [1] . For practical reasons, broadband thin absorbers covering part or the whole frequency band of radars and antennas are best suitable for defense applications. Jaumann absorbers [2] [3] [4] and Salisbury screens [5] [6] [7] are very good examples of radar absorbers. Multilayer Jaumann absorbers suffer from large thickness as they are multiples of λ/4 (λ is the wavelength in free space) and bulkiness as each layer produces a single narrow band resonance. Based on metamaterials [8] [9] [10] [11] , Frequency Selective Surfaces (FSS) [3, 12, 13] are periodically arranged resonant structures printed on dielectric substrates. FSS often suffer from a narrow bandwidth (high quality factor because of their resonant structures). In order to enlarge the bandwidth, two popular techniques used, consists of incorporating resonating elements working at nearby frequencies by arranging them on the same plane [14, 15] or by using multi layers [16, 17] at the expense of a drop in the absorption at certain frequencies in the bandwidth and/or bulkiness. Genetic algorithms [18] and software based optimizations are also used to obtain broadband absorption. However with these methods the physical insight of how absorption is obtained is always debatable. Using well customized magnetic materials [18] can decrease the thickness but they can be very bulky and expensive. Well optimized honeycomb structures provide good absorption and are not bulky but are very fragile [19] . Moreover, target zones are not always planar, thus flexible or conformal radar absorbers are required. The thickness of dielectrics depending on the frequency range, non magnetic flexible dielectrics are not always available for low frequencies and the gigahertz regime. Moreover very few research has been done on non magnetic flexible broadband absorbers in the microwave regime [20] . For these reasons, designing flexible broadband radar absorbers for low frequencies of the microwave range with easily available dielectrics is very complicated and is a challenging topic. In this paper, an efficient way of designing flexible non-magnetic broadband radar absorbers using the least-square method and the equivalent Transmission Line Model (TLM) is described. The C band is taken as an example to illustrate the proposed method.
TRANSMISSION LINE MODEL FOR PERFECT ABSORPTION
One straight forward solution to design a radar absorber is to place a complex sheet (surface providing complex impedance) over a grounded dielectric as shown in Figure 1 . The complex sheet is designed in a way that the whole structure matches the impedance of the free space (Z 0 = 377 Ω). Let us assume that we want to design a flexible broadband non magnetic absorber in the frequency range of 3.5-7 GHz which achieves at least −10 dB of reflection (at least 90% of absorption) in the given range. Three parameters are important for the design of the absorber: the thickness and permittivity of the dielectric substrate and the geometrical parameters of the complex sheet. Using the transmission line theory, the impedance of the grounded substrate for normal incidence is given by [21] :
where Z d = μ 0 / 0 r is the characteristic impedance of the dielectric, and
c is the propagation constant in the dielectric. The input impedance, Z in , is given by the parallel combination of the grounded dielectric (Z g ) and the complex sheet (Z s ):
For perfect absorption, the reflexion must satisfy R = (Z in − Z 0 )/(Z in + Z 0 ) = 0. Hence, perfect absorption is obtained when Z in = Z 0 . The required impedance of the complex sheet, Z Req , for perfect absorption, satisfying Z in = Z 0 is given by:
From Equation (3), it can be seen that the required complex sheet for perfect absorption depends on the permittivity and the thickness of the dielectric. The required complex impedance for different thicknesses is plotted according to Equation (3) in Figure 2 . The permittivity of the substrate is fixed at r = 3 (lossless rubber). The substrate is chosen to be rubber because it is flexible and can be conformed to any target even if it is thick.
For example, at 4 GHz and 6 mm thick dielectric (blue curves of Figure 2 ), the required complex sheet impedance for perfect absorption is Z Req = 120.1 − j175.59 Ω. It should be noted that positive values of the imaginary part of Z Req imply that an inductive response is needed and negative values require capacitive response. Hence in this example, the complex sheet must be capacitive whose TLM can be given by a series of Resistor-Capacitor circuit in parallel of the 6 mm thick grounded transmission line. The value of the required resistor is directly given by Re(Z Req ) which is 120 Ω in our case. The value of the of the capacitor is given by equating the impedance of the capacitor (1/jCω) to −j175.59. C is found to be equal to 0.227 pF. For a grounded absorber, the absorption is given by:
where R is the reflexion coefficient (S 11 parameter). The reflexion is given by R = (Z in −Z 0 )/(Z in +Z 0 ). Figure 3 shows a perfect absorption rate of the designed absorber at 4 GHz. The simulation was done using commercial CST Design Studio Suite 2017. Periodic boundary conditions were applied in the numerical model in order to mimic a 2D infinite structure. Floquet ports were used for the excitation and the period of the structure was equal to λ/20. An excellent agreement was found between the analytical model and simulated CST results. 
DESIGN STRATEGY FOR BROADBAND ABSORPTION

Determination of Dielectric Thickness
The strategy we adopt in this work is to achieve perfect absorption at f min and f max where f min and f max are the lower and upper limits of the desired frequency band respectively. To do so, the thickness must be selected such that the imaginary part of the required impedance, Im(Z Req ), have the same values at f min and f max but must be exactly out of phase. In this case we must observe Im(Z Req ) increasing from being negative to positive and Re(Z Req ) must have the same values at f min and f max . In our design goal, f min = 3 GHz and f max = 7.8 GHz, the 8 mm (λ/7 thin at the center frequency of 5.4 GHz) dielectric thickness satisfies the conditions described above (see Figure 2 ). It can be observed with the red curves that Im(Z Req ) = −170 Ω at f min and Im(Z Req ) = +170 Ω at f max . Also, Re(Z Req ) = 118 Ω at both f min and f max .
Determination of Complex Sheet Parameters
As observed in Figure 2 , Im(Z Req ) is both positive and negative between 3 and 7.8 GHz. The complex sheet must be both capacitive and inductive and must be the closest possible to Im(Z Req ). The TLM is hence given by a series of Resistance-Capacitor-Inductor (RLC) circuit in parallel of the 8 mm thick grounded transmission line as shown in Figure 4 . In the TLM of Figure 4 , the resistance, R s , will take into account the resistive losses (Re(Z Req )). The absorption optimization based on the losses will be discussed later. The impedance of a series RLC circuit is given by:
where ω is the angular frequency. As stated previously we want to have perfect absorption at f min and f max in a first time. The imaginary part of Equation (5) must be equal to Im(Z Req ) at f min and f max leading to the following condition:
For simplicity we let Im(Z Req ) = z r . As z r is frequency dependent, Equation (6) can be written in the following matrix form:
where ψ is a (2 * 2) matrix. C and LC can be calculated using the least square method [22] such that is fits z r . Let us take a simple example to see how we can use the least square method in our case: Let us consider the following linear equation: y = dx + c. We also know that the line passes around three different position: (x 1 , y 1 ), (x 2 , y 2 ) and (x 3 , y 3 ). In this case, we should have, c + dx 1 = y 1 , c + dx 2 = y 2 and c + dx 3 = y 3 . If there are no errors about these three points, then the three equations would be correct and c and d would be determined by only two of the equations. However in the presence of errors the system is inconsistent. The idea of the least square method is that it minimizes the sum of the errors namely (c + dx
In general, for an overdetermined m * n system Ax = b, what Gauss and Legendre discovered is that there are solutions x minimizing ||Ax − b|| 2 and that these solutions are given by the square n * n system A T Ax = A T b. When the columns of A are linearly independent, it turns out that A T A is invertible, and so x is unique and given
A T A is a symmetric matrix, one of the nice features of the so-called normal equations of a least squares problem. Thus in our case we can write:
where ψ T is transpose of the matrix ψ. From Equation (8), the value of the capacitance is given by C directly and the value of L is given by LC/C. In our case, L = 5.84 nH and C = 0.186 pF are obtained. Figure 5 shows the imaginary part of the LC series impedance. It can be observed that the imaginary part of the complex sheet's impedance whose values of L and C has been calculated using Equation (8), is exactly the same as the required imaginary part of impedance at f min and f max validating Equation (8) .
At this stage, all the TLM parameters of the absorber for a broadband absorption between 3 and 7.8 GHz are known. The thickness of the dielectric h = 8 mm having r = 3. The initial resistance of the complex sheet R s = 118 Ω and L and C values are of L = 5.84 nH and C = 0.186 pF, respectively. By substituting Z RLC of Equation (5) to Z s in Equation (2) and using Equation (4), the absorption rate of the TLM of the absorber is plotted in Figure 6 for different values of R s .
It can be seen that with the initial value R s , which is 118 Ω (black curve), perfect absorption is obtained at 3 GHz and 7.8 GHz respectively (as expected), but the absorption is less than 90% in the 3-7.8 GHz band. This result is logical as the RLC model has been matched at 3 GHz and 7.8 GHz respectively and not in the whole band. It can also be observed that when the complex sheet is made more lossy, by increasing the value of its real part (R s ), the absorption is enhanced and for values of R s greater than 200 Ω, the absorption is at least of 90% in the whole band of 3-7.8 GHz. R s cannot be increased infinitely since the bandwidth becomes very narrow, as it can be observed for R s = 290 Ω in Figure 6 . Thus R s must be carefully selected. For our case, R s = 200 Ω is selected as the absorption is at least of the 90% in the whole band of 3-7.8 GHz. To recapitulate, the final TLM parameters of the complex sheet impedance are: R s = 200 Ω, L = 5.84 nH and C = 0.186 pF.
Physical Model
Extensive research has been done on equivalent circuit models of FSS taking into consideration its geometry [22] [23] [24] [25] . In this work, simple square loop arrays will be used to design the complex sheet in order to obtain an inductive and a capacitive response of L = 5.84 nH and C = 0.186 pF respectively. A well dimensioned infinite array of square loops can give a capacitive and inductive response and hence Im(Z Req ). The arrays of square loops have been designed as described in [25] . In order to get the required resistive response that is Re(Z Req ), the square loops can be made of Ohmic sheets or of PEC including lumped resistances.
Square Arrays Made of Resistive Films
The relations between L and C values and the dimensions of the square loops can be found in [25] . Figure 7 depicts the top view of the a unit cell of square loops placed on top of the 8 mm thick grounded dielectric.
The unit cell has a period p of 10 mm, and the square array has a length d of 9.5 mm and width s equal to 0.15 mm. The relationship between the value of the required real part, R s = 200 Ω, and the value of the resistive sheet is related by Equation (9) as described in [25] .
where S is the surface area of the unit cell, and A represents the elements along which currents propagate on the square loop. In our case, for Transverse Electric (TE) polarization, A is the surface area of the two vertical arms of the square loop, S = 0.1 mm 2 , A = 2.85 µm 2 , R s = 200 Ω and thus the resistance of our ohmic sheet, R OhmicSheet = 5.7 Ω/Square. Commercial CST Design Studio Suite using the same conditions as in Section 2 has been used to perform the simulation of the structure. Figure 8 depicts the simulated absorption rate of the structure for linearly co-polarized T E and T M waves under oblique incidences. From Figure 8 , it can be observed that for both T E and T M polarizations, that for normal incidence and oblique incidences of until 20 • (red and blue curves) the absorption rate is more than 90/% (less than −10 dB of reflection) in the whole band of 3-7.8 GHz which was our design goal. Results for incidence angles of until 40 • (green curve) shows that the absorption band decreases but remain interesting. The absorption rates for T E and T M polarizations are the same for normal incidence as the square arrays are completely symmetrical along x and y axes. These results validates the proposed design strategy as more than 90% of absorption is obtained in the whole band of 3-7.8 GHz.
Square Arrays Made of PEC with Lumped Resistors
Metallic (or PEC) square arrays associated with lumped resistors can also be used in order to have the required impedance, Z Req . The dimensions of the square arrays, which gives the required imaginary part for broadband absorption, Im(Z Req ), remains the same as for the resistive square arrays in Section 3.3.1. Since PEC is not lossy, additional resistors (optimized value and number) must be added in the square arrays so that broadband absorption is obtained. Figure 10 , represents the top view of the absorber. Furthermore, as we want to design a flexible absorber and want to use rubber as dielectric, one can not print the PEC square arrays on rubber. The proposed solution is to place 0.1 mm thick FR4 substrate ( r = 4.2 − j0.105) placed on top of a 7.9 mm grounded rubber ( r = 3) substrate. The metallic square arrays are printed on the 0.1 mm thick FR4 substrate. In our case, the 0.1 mm thick FR4 being very small compared to the 7.9 mm thick rubber and their permittivity being close to each other, the overall effective permittivity is around r = 3. In Figure 9 the real part and imaginary part of the effective permittivity of a 0.1 mm thick FR4 substrate placed on top of a 7.9 mm thick rubber substrate has been retrieved and calculated as described in [26] . The effective permittivity can be observed to be around eff = 3 − j0. The structure of the absorber is now a 0.1 mm thick FR4 substrate on which the square arrays are printed, placed on top of a 7.9 mm thick grounded rubber.
The square arrays have the same dimensions p, d and s as in Section 3.3.1. Optimized gaps of dimension, g = 1 mm have been added in order to connect the resistors R E and R H . The resistors, R E and R H are set at 220 Ω. From Figure 6 , it can be seen that for values of R s between 200 and 250 Ω, the absorption remains more than 90% in the 3-7.8 GHz range. Hence the surface impedance of the square loop including the lumped resistors can be between 200 and 250 Ω. The number of resistors in each arm of the square loops will give different surface impedances and absorption. In the figure below, the absorption rate for different numbers of 220 Ω resistors is plotted. It must be noted that any value of resistor, R s , can be chosen, but the surface impedance of the square loop including the lumped resistors must be between 200 and 250 Ω. Retrieved real part (red curve) and imaginary part (blue curve) of the effective permittivity of a 0.1 mm thick FR4 substrate placed on top of a 7.9 mm thick rubber substrate. Figure 11 . Absorption rate of the PEC with one, two and 3 resistors in the two vertical arms. The structures were simulated for linearly polarized T E wave. Figure 11 shows the absorption rate of the square arrays with varying numbers of resistors in the vertical arms for the T E polarization case. It can be observed that for 1 resistor (blue curve) of 220 Ω in the two vertical arms, the absorption rate is more than 90% at 3 GHz and 7.8 GHz respectively but do not provide a surface impedance between 200 and 250 Ω. Following the same reasoning, two resistors (red curve) do provide the necessary surface impedance as the absorption rate is more than 90% in the whole band of 3-7.8 GHz (very slightly less in bandwidth but the resistors can be tuned and get a bandwidth of exactly 3-7.8 GHz). In the case when 3 resistors (green curve) are added, the surface impedance is very big compared to what is required and perfect absorption is obtained between 5 and 6 GHz, but the bandwidth is reduced as we could have deduced from Figure 6 . Thus two 220 Ω resistors in the two vertical arms are maintained in the designed of our broadband absorber for T E polarization. Our structure being perfectly symmetrical 220 Ω resistors are maintained on the horizontal arms of the square arrays for T M polarization. For T E polarization, maximum currents flow on the vertical arms of the square arrays, and maximum currents flow in the horizontal arms for T M polarization as shown in Figure 12 .
The resistors R E bring the required losses for T E polarization and resistors R H bring losses for T M polarization. Depending on which polarization we are working on, R E or R H can be removed from the arms on which currents are not flowing, must be made with continuous PEC (with no gaps, g). In some applications where both T E and T M are required, the gaps, g, must be optimized such that the imaginary part of the required impedance does not change significantly (as the gaps will bring some capacitive effects). Figure 13 depicts the simulated absorption rate of the structure for linearly polarized T E (a) and T M (b) waves under oblique incidences. It can be seen from Figure 8 , for both T E and T M polarizations, that for normal and oblique incidences of until 20 • (red, blue curves) the absorption rate is more than 90% in the whole band of 3.09-7.7 GHz. These results are slightly less than 3-7.8 GHz band but the two resistors of each arms can be tuned around 220 Ω in order to have the exact bandwidth. The same trends are observed for higher incidences as in Section 3.3.1. These results also validate the proposed design strategy for broadband absorption.
EXAMPLES AND PERFORMANCE
In order to show the versatility of the proposed design plan, the methods used in Section 3 have been applied to some low frequency bands. Table 1 shows the TLM elements required for at least 90% of absorption in these desired frequency bands. In each case rubber ( r = 3) was selected as dielectric whose thickness is given in column 2 of Table 1 . We have purposely selected some low frequency bands for which the dielectric thickness is not negligible and classical dielectrics are not flexible for large thicknesses. For the cases studied in the table below, slabs of 10 mm thick flexible rubber can be put Table 2 . Dimensions of physical model of radar absorbers using square loop arrays made of resistive sheets for the same bands as in Table 1 . on top of each other making the whole system flexible. In order to design the square loop arrays with PEC using lumped resistors, the dimensions of p, d and s remain the same as in Table 2 . Two lumped resistors of 220 Ω must be added to each arm as described in Section 3.3.2. The PEC square loops must be printed on a 0.1 mm FR4 substrate (or any other substrate but the overall effective permittivity must be around 3) as explained in Section 3.3.2.
The performance of an absorber is often judged upon its 90% absorption rate band to center frequency ratio given by (f max − f min )/f c , where f c is the center frequency. This criteria does not take into consideration the thickness of the absorber which can be the most important factor in some applications. The operational bandwidth to thickness ratio to evaluate the performance of the absorber is used this work. Operational bandwidth to thickness ratio is given by (λ f min − λ f max )/h, where λ f min and λ f max are the wavelengths at f min and f max respectively, and h is the thickness of the absorber. The bigger is this ratio, the better operational bandwidth to thickness ratio performance an absorber has. Table 3 is a comparison of designed absorbers in this paper with some other absorbers.
When fixing the permittivity of the dielectric substrate of an absorber, as in this work, the 90% absorption rate band to center frequency ratio (column 4 of Table 3 ) or operational bandwidth to Table 3 . Performance comparison of our absorber with some other absorbers.
Reference
90% absorption band (GHz) Table 3 ) performances can be affected as the degrees of freedom for optimization is reduced. With the design approach proposed in this method, it can be clearly seen from Table 3 that, very high performances can be achieved with the proposed method even by fixing the permittivity of the dielectric substrate. In fact 88% for the 90% absorption rate band to center frequency ratio and an operational bandwidth to thickness ratio of 7.69 are obtained making the proposed design strategy very competitive. 
CONCLUSION
In this paper, a simple but powerful analytical tool to design broadband flexible radar absorbers for any frequency band using the TLM is presented. Firstly, the expressions to calculate the required real and imaginary parts of impedances for broadband absorptions for any dielectric permittivity and thickness are given. The real part of the required impedance has been associated to a resistance and the imaginary part has been associated to an inductor and a capacitor in series. A simple matrix formulation is used to get the values of L and C that fits the required imaginary part of the impedance at the lower and upper limits of the frequency band. We have shown that broadband absorption can be achieved by increasing the value of the resistance in the TLM. Finally, once all the parameters of the TLM model found, two physical model approaches using square arrays to design the absorber are described. The first approach consists of using resistive sheets patterned as square arrays. The dimensions of the arrays and the unit cell will give the required imaginary part of impedance. The required real part of impedance is given by the resistance value of the resistive films. The second approach is to use printed metallic square arrays on a dielectric substrate. As for the first approach, the dimensions of the arrays and the unit cell will give the required imaginary part of impedance. The real part of the impedance is obtained by including lumped resistors in the arms of the square arrays. In both cases the square arrays being symmetrical, broadband absorptions for both linearly polarized T E and T M modes are obtained. Also the proposed absorbers achieve as 88% for the 90% absorption rate band to center frequency ratio and an operational bandwidth to thickness ratio of 7.69 making the proposed design strategy extremely interesting. Communication devices such as detection radars working on the X band frequency range, one suitable application of the absorber is to reduce back scattering from metallic objects in radomes of military vessels. For example, several antennas and radars are mounted inside radomes which may contain metallic objects such as cable ducts. Reflected electromagnetic waves due to these metallic objects cause EMI critical issues such as saturation of source antennas and radars. The metallic ducts also cause indirect echoes, shadow and blind zones. Covering metallic parts with radar absorbers can decrease considerably the reflections, and hence the indirect echoes. This is illustrated in Figure 14 . It should be noted that further studies must be done in order to conform the absorber to cyclindrical metallic objects as the reflexion will depend of the radius of the mettalic targets. As we have done all studies for planar radar absorbers, if we had to conform it to a mettalic cylinder, the radius of the cylinder must be much bigger than the wavelength. The RCS results of the absorber conformed around metallic objects are not presented in this article as further optimization studies must be carried.
